We will prove some dynamic inequalities of Opial type on time scales which not only extend some results in the literature but also improve some of them. Some discrete inequalities are derived from the main results as special cases.
Introduction
In 1960, Opial 1 proved the following inequality: x t 2 dt.
1.2
These inequalities and their extensions and generalizations are the most important and fundamental inequalities in the analysis of qualitative properties of solutions of different types of differential equations.
In recent decades, the asymptotic behavior of difference equations and inequalities and their applications have been and still are receiving intensive attention. Many results concerning differential equations carry over quite easily to corresponding results for difference equations, while other results seem to be completely different from their continuous counterparts. So, it is expected to see the discrete versions of the above inequalities. In fact, the discrete analogy of 1.1 which has been proved by Lasota 
where {x i } 0≤i≤h is a sequence of real numbers with x 0 0. These difference inequalities and their generalizations are also important and fundamental in the analysis of the qualitative properties of solutions of difference equations.
Since the continuous and discrete inequalities are important in the analysis of qualitative properties of solutions of differential and difference equations, we also believe that the unification of these inequalities on time scales, which leads to dyanmic inequalities on time scales, will play the same effective act in the analysis of qualitative properties of solutions of dynamic equations. The study of dynamic inequalities on time scales helps avoid proving results twice: once for differential inequality and once again for difference inequality. The general idea is to prove a result for a dynamic inequality where the domain of the unknown function is the so-called time scale Ì, which may be an arbitrary closed subset of the real numbers Ê.
In this paper, we are concerned with a certain class of Opial-type dynamic inequalities on time scales and their extensions. If the time scale equals the reals or to the integers , the results represent the classical results for differential or difference inequalities. A cover story article in New Scientist 9 discusses several possible applications. where the functions r, s are nonnegative measurable functions on I a, b , y is absolutely continuous on I, pq > 0, and either p q ≥ 1 or p q < 0, with a sharp constant C p, q depends on r, s, p, and q. For applications of the inequality 1.14 on zeros of differential equations, we refer the reader to the paper 19 .
However, the study of dynamic inequalities of Opial types on time scales is initiated by Bohner and Kaymakçalan 20 , and only recently received a lot of attention and few papers have been written, see 20-24 and the references cited therein. For contribution of different types of inequalities on time scales, we refer the reader to the papers 25-28 and the references cited therein.
Throughout the paper, we denote f σ : f • σ, where the forward jump operator σ is defined by σ t : inf{s ∈ Ì : s > t}. By x : Ì → Ê is rd-continuous, we mean x is continuous at all right-dense points t ∈ Ì and at all left-dense points t ∈ Ì left hand limits exist finite . The graininess function μ : Ì → Ê is defined by μ t : σ t − t. Also Ì κ : Ì − {m} if Ì has a left-scattered maximum m, otherwise Ì κ : Ì. We will assume that sup Ì ∞, and define the time scale interval a, b Ì by a, b Ì : a, b ∩ Ì.
In 20 , the authors extended the inequality 1.1 on time scales and proved that if
Δt. One of our aims in this paper is to give an affirmative answer to this question. Also one of our motivations comes from the fact that the inequality of type 1.21 cannot be applied on the study of the distribution of the generalized zeros of the general dynamic equation
since this study needs an inequality with two different functions instead of a single function. The paper is organized as follows. First, we will extend the inequality 1.10 on a time scale which gives a connection between a dynamic Opial-type inequality and a boundary value problem on time scales. Second, we prove some new Opial-type inequalities on time scales with best constants of type 1.14 . The main results give the affirmative answers of the above posed questions. Throughout the paper, some special cases on continuous and discrete spaces are derived and compared by previous results.
Main Results
In this section, we will prove the main results, and this will be done by making use of the Hölder inequality see 11, Theorem 6.13 
We also need the product and quotient rules for the derivative of the product fg and the quotient f/g where gg σ / 0 of two differentiable functions f and g
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which is a simple consequence of Keller's chain rule 11, Theorem 1.90 . We will assume that the boundary value problem
has a solution u t such that u Δ t ≥ 0 on the interval 0, b Ì , where r, s are nonnegative rd-continuous functions on 0, b Ì . Now, we are ready to state and prove one of our main results in this section. We begin with an inequality of Opial type which gives a connection with boundary value problems 2.5 on time scales. 
2.6
Proof. Let u t be a solution of the boundary value problem 2.5 and denote 
2.9
By the chain rule 2.4 and the fact that F Δ t > 0, we obtain
2.10
Noting that if f is rd-continuous and F Δ f, we see that
From the definition of F t , we see that
Substituting into 2.10 , we see that
Substituting 2.13 into 2.9 , we have
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Integrating by parts and using the assumption F 0 0, we see that
2.15
From 2.14 and 2.15 , we see that
2.16
From the definition of the function w t , we see that r t w t r t u Δ t p u p t .
2.17
From this and 2.3 , we obtain r t w t
In view of 2.5 and 2.18 , we get that
Using the fact that u Δ t ≥ 0 and the chain rule 2.4 , we see that 
2.23
Using the integration by parts again and using 2.13 , we see that
2.24
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2.29
Next, in the following we will prove some Opial-type inequalities on time scales which can be considered as the extension of the inequality 1.14 obtained by Beesack 
